Introducing hierarchy into structures has been credited with improving elastic properties and damage tolerance. Specifically, adding hierarchical sub-structures to honeycombs, which themselves have good-density specific elastic and energy-absorbing properties, has been proposed in the literature. An investigation of the elastic properties and structural hierarchy in honeycombs was undertaken, exploring the effects of adding hierarchy into a range of honeycombs, with hexagonal, triangular or square geometry super and sub-structure cells, via simulation using finite elements. Key parameters describing these geometries included the relative lengths of the sub-and super-structures, the fraction of mass shared between the sub-and super-structures, the co-ordination number of the honeycomb cells, the form and extent of functional grading, and the Poisson's ratio of the sub-structure. The introduction of a hierarchical sub-structure into a honeycomb, in most cases, has a deleterious effect upon the in-plane density specific elastic modulus, typically a reduction of 40 to 50% vs a conventional non-hierarchical version. More complex sub-structures, e.g. graded density, can recover values of density specific elastic modulus. With careful design of functionally graded unit cells it is possible to exceed, by up to 75%, the density specific modulus of conventional versions. A negative Poisson's ratio sub-structure also engenders substantial increases to the density modulus versus conventional honeycombs.
Introduction
Honeycombs are commonly used in lightweight structures and sandwich panels due to their excellent density specific elastic properties, and as a result have found application in structural roles in a variety of industries including aerospace, automotive, marine and construction industries (Wilson, 1990; Thompson and Matthews, 1995; Bitzer, 1994; Price et al., 2001) . They also offer good damage tolerance and so are often used in structural roles where the ability to remain functional after damage such as an impact is critical Triantafillou et al., 1989) . Many natural materials possess excellent compromises between density specific elastic properties and damage tolerance and/or toughness, and many of these seem to contain structural hierarchy either by accident of their manufacture or specifically to aid in damage tolerance (Fratzl and Weinkamer, 2007; Gao, 2006) . Conventional hexagonal honeycombs are manufactured via a low cost route, specifically periodic adhesion of flat sheets with a subsequent in plane stretching process to open up hexagonal cells (Sypeck, 2005; Wadley, 2006) . The key issue is whether it is possible to improve damage tolerance via structural hierarchy without compromising elastic properties (Fan et al., 2008; Kooistra et al., 2007) The present study investigates the effects of adding hierarchy into a structure, at the exact same density, on the elastic properties especially elastic modulus. Gibson and Ashby (1997) set out the fundamental underpinnings of the behaviour of honeycombs, and derived expressions for elastic modulus and several other physical properties of a range of 2D and 3D cellular solids including honeycombs, Fig. 1 shows two unit cells annotated according to their terminology. Masters and Evans (Masters and Evans, 1996; Evans, 1991) later added some useful complexity to these models of in-plane properties by accounting for other deformation modes, specifically stretching/ compression and hinging of ribs. In terms of elastic properties honeycombs can be sufficiently described by considering them as collections of beams or plates, usually deformed in flexure, and for which explicit relationships between deformation and force are known. The elastic response for a whole unit cell can be derived, and since a honeycomb is formed by tessellation of such unit cells, the continuum elastic properties of a honeycomb can be represented very well by those of its unit cell.
Flexure is the dominant deformation mechanism of in-plane hexagonal honeycombs with conventionally slender ribs (t/ l < 0.1) (Gibson et al., 1982; Evans, 1991; Masters and Evans, 1996) . In flexure, the elastic modulus of such a structure is dominated by an aspect ratio term, specifically (t/l) 3 , arising from the mechanics of beams in flexure. Notably, for triangular based unit (Deshpande et al., 2001 ) deformation is stretch dominated, as their particular connectivity means individual beams deform primarily by tension and compression. Square geometries are stretch dominated on-axis and flexure dominated off-axis vs the cell architecture. Thus, stretch dominated structures are potentially attractive for applications despite their inherently higher manufacturing costs. Interestingly, flexure dominated structures can have greater energy absorption because they have a longer post-yield response in comparison to the stretch dominated structures (in compression) which tend to buckle and rupture/fail/collapse quickly post yield (Deshpande et al., 2001) . The anelastic behaviour of honeycombs is well described in various experimental and modelling studies Triantafillou et al., 1989; Maiti et al., 1984; Stonge and Shim, 1988; Papka and Kyriakides, 1994; Papka and Kyriakides, 1998; Miller et al., 2010) . Few studies have examined the effects of hierarchy on elastic or anelastic properties. One such study by Lakes (1993) considered the elastic properties of structures with multiple sets of hierarchy, termed 'multi-hierarchy structures', treating a sub-structure as an effective continuum at the super-structure length scale. A 'first order' hierarchical structure has hierarchy at one length scale, e.g. a conventional honeycomb and similarly a 'second order' hierarchal structure has hierarchy at two length scales, e.g. see Figs. 2-4. This approach explicitly assumes that the length scale of a sub-structure is fine enough to be negligible when considered with the super-structure. Whilst many examples of this seem to exist in nature, examples in synthetic technology appear to be few. This is mainly because the constraints of current manufacturing techniques make it very difficult to produce sufficiently fine substructures. Polymer matrix composites, where the polymer's molecular structure (Ångstroms to nanometres) and the reinforcing phase (micrometers to millimetres) can both be tailored, are an obvious synthetic example. Lakes (1993) suggested that a key advantage of a hierarchical cellular structure/material, suggested by the beam mechanics used to describe them, was that they may posses both improved strength and toughness vs a non-hierarchical version, subsequently confirmed experimentally (Fan et al., 2008; Kooistra et al., 2007) . The issue of the limits of the treatment of the sub-structure as a continuum is explored in the present work.
Work by Fan et al. (2008) , has examined hierarchical honeycomb ribs, where the ribs of the honeycomb superstructure are formed from honeycomb cores and skins, i.e. the honeycomb ribs are themselves sandwich panels, see Fig. 2 . At similar densities to conventional versions ribs were relatively thicker, had larger second moments of area, and because the ribs were predominantly deformed in flexure, exhibited higher density specific elastic modulus. A similar approach was also taken by Kooistra et al. (2007) , specifically of inserting a corrugated core into the rib, see Fig. 2 . This similarly increased density specific elastic modulus, and in some cases strength and the number of buckling failure modes, which may suggest higher strain energy absorption to failure. To the best of the authors' knowledge few studies have considered placing a sub-structure outside of the rib, or of distributing a significant proportion of the cell's mass outwards from the rib centre (Burlayenko and Sadowski, 2009) . Indeed there has been no systematic exploration of hierarchical honeycombs and their properties, in terms of their geometry across their hierarchical levels.
This present work explores, via a parametric finite element model analysis, the in-plane global properties of a variety of hierarchical honeycombs, specifically honeycombs with finer scale honeycomb sub-structures. The parameters varied include the geometry of the super-and sub-structure, the combination of different geometries at different hierarchical levels, the proportion and distribution of mass between hierarchical levels, the Poisson's ratio of the different hierarchical levels (especially auxetic versions (Evans, 1991; Masters and Evans, 1996; Miller et al., 2010) ). The performance of such hierarchical honeycombs is compared to similar density conventional non-hierarchical versions.
Method
Several parameters that describe the nature of hierarchy in honeycombs were defined (see following subsections) and sequentially and systematically varied between limits in a series of finite element modelling studies. A two dimensional finite element model was generated for the unit cell of each honeycomb and its in-plane axial elastic modulus determined in compression. Note that geometric symmetry for the regular hexagonal and triangular honeycombs means in-plane isotropy, like wise the square cell honeycomb will exhibit in-plane orthotropy. Relationships between the parameter in question and elastic modulus were thus established. The elastic modulus was calculated as the total reaction force divided by the projected area (unit depth), divided by the imposed strain of 0.1% (calculated as the imposed deflection divided by the original cell dimension). In some cases, the sub-structure was considered to occupy all of the free volume/area in the unit cell, and in some cases only a proportion. Results for hierarchical honeycombs were compared to conventional honeycombs of the exact same density q = 0.058, which was constant for all models. The unit cell ribs of the hierarchical honeycombs remained as solid beams, as per conventional versions. Only second level of hierarchy, i.e. a super and one sub-structure were considered, given the primary motivation was to explore pragmatic limits. Previous theoretical studies have considered more hierarchical levels (Lakes, 1993) , which have shown little additional effect on properties with hierarchy greater than order 3.
An arbitrary set of linear and isotropic elastic constants were chosen and used for all cases (specifically E = 1600 MPa, G = 593 MPa and m = 0.35). The sub and super-structure cells were modelled using 2D Timoshenko beam elements (B21), a 2-node linear beam in a plane, using a commercial Finite Element (FE) analysis package ('ABAQUS', Dassault Systèmes). Boundary sharing beams have either half thickness or half-length, so that the symmetry of the unit cell allowed tessellation into a uniform honeycomb.
The upper most edges of the cell sub and super-structure were displaced uniformly in compression so the cells were at 0.1% global strain in the X 1 axis as described in Odegard (2004) . The contralateral cell edges were constrained to zero displacement in the X 1 axis but were allowed to freely displace in the X 2 axis. Cell edges parallel to the X 1 axis were constrained to zero displacement in the X 2 axis, akin to being on rollers. A constraint was applied to the elements on the extreme of the contralateral edge so they were free to displace in any direction except that they remained in an axis parallel to the applied strain. These boundary conditions simulate uniaxial compression in a honeycomb continuum and can be seen in Fig. 3 .
The sub-structure was similarly modelled as a discrete structure in a manner similar to that for the super-structure. An example mesh containing the super-and sub-structures is shown in Fig. 4 . The thickness t sub was varied to ensure consistent mass between models with different values of the length l sub . Integer values of k, the hierarchical length ratio, were specified so that the super-and sub-structure unit cells shared ribs. The thicknesses of edge sharing ribs in the sub-structure were t sub /2 and t sup /2 as per the super-structure. It was possible to use quarter models of the hierarchical unit cells, i.e. containing super-and sub-structures, because of the two fold symmetry of the cell.
Preliminary models were established to check validity of boundary conditions, convergence, numerical accuracy etc., and benchmarked against established analytical models for such honeycombs (Gibson et al., 1982; Masters and Evans, 1996) .
Hierarchical length ratio
The issue of treatment of a sub-structure as a continuum was investigated via a series of models in which the relative length of the sub-structure to the super-structure was iteratively decreased. Arbitrarily half of the total mass of the honeycomb was allocated to the sub-structure. The hierarchical length ratio k is defined as the fraction of a characteristic length of the sub-structure l sub to a similar length of the super-structure l sup , Eq. (1). Examples of hexagonal and triangular cells were considered, which are shown in Fig. 3 .
The hierarchical length ratio was decreased l sub from 50% to 2.5% of l sup , i.e. the number of sub-structure cells spanning the super-structure cell varied from 2 to 40. Models were created with boundary conditions previously described, which can be seen in Fig. 3 .
Mass distribution
The proportion of mass distributed between the super-and substructure was explored by reducing the thickness t sup and increasing the thickness t sub . FE models were established as previously described for hierarchical hexagonal and triangular honeycombs with k = 0.04, i.e. a fine sub-structure likely to approximate a continuum. Eleven discrete mass proportions were considered, from 0.0 to 1.0 inclusive, with intervals every 0.1.
Co-ordination number
The co-ordination number of the unit cells, i.e. the number of ribs connecting at nodes, in both the super-and sub-structure were varied. Possible tessellating unit cells could have coordination numbers of; 6 (a triangle), 4 (a square) and 3 (a hexagon). The coordination numbers of the super-and sub-structure are denoted here as two numbers in sequence respectively, e.g. 3-6 (hexagonal super-structure and triangular sub-structure). All possible combinations of co-ordination numbers were explored; 3-3, 3-4, 3-6, 4-3, 4-4, 4-6, 6-3, 6-4 and 6-6, examples of some of which are shown in Fig. 5 . FE models were established as for Sections 2.1 and 2.2. A mass distribution of 0.5 was used for all models.
Functional grading
It is possible to conceive of non-uniform distributions of mass in the sub-structure, in contrast to previous sections. This is in effect a kind of functional grading whereby instead of varying in space the volume fraction of an inclusion, the thickness of ribs was varied. To explore the effect of such functional grading of the sub-structure models were created in which a proportion of the total hierarchical cell mass was distributed non-uniformly in the sub-structure. Importantly this allowed some sub-structure to have zero mass that is voids were allowed in the sub-structure, in contrast to the previous sections where super-structure cells' voids were completely filled with sub-structure cells. The two key parameters which described these structures were.
(i) The extent away from the super-structure cell which the sub-structure occupied, and (ii) The form of distribution of mass between the sub and superstructure [Figs. 10, 11] The mass distribution was varied from 0.5, 0.75, 0.95 and 1.0, the latter entirely replacing the super-structure with sub-structure. The mass fraction and extent of the sub-structure defined the thickness t sup .
Poisson's ratio
Honeycomb cells with various values of Poisson's ratios, including negative values, are well known (Lakes, 1987; Evans, 1991; Masters and Evans, 1996; Prall and Lakes, 1996; Evans and Alderson, 2000; Scarpa et al., 2000; and Miller et al., 2010) . The effect of the Poisson's ratio of the sub-structure was explored by creating a number of models of a 3-3 honeycomb, where the internal angle h of the sub-structure was varied from -27.5°to + 30°(at an angle of À30°the inverted ribs touch when l = h). A sub-structure with negative values of h had negative Poisson's ratios (Gibson et al., 1982; Masters and Evans, 1996) . Models were established similarly to those in proceeding sections. Since the density of the honeycomb increases as h decreases, it was necessary to alter t sub . In order to ensure an integral number of sub-structure cells fitted into the super structure cell l sub was also altered. Both l sub and t sub were altered in such a way to retain constant mass between all samples.
Results
Preliminary models were found to reproduce very well the patterns seen in established literature, for instance the relationship between the rib aspect ratio and elastic modulus. The FE models seemed to be functioning correctly and to be reasonably accurate for aspect ratios greater than 10 to within 5% of established results (Gibson and Ashby, 1997) .
The results of Section 2.1 the study on hierarchical length ratio in hexagonal honeycombs are summarised in Fig. 6 , which shows the Young's modulus of a hierarchical honeycomb versus the relative length of the sub-structure cell. The Young's modulus is normalised to the modulus of a conventional hexagonal honeycomb of the exact same density but first order hierarchy. It is clear that none of the hierarchical honeycombs are as stiff as the first order conventional honeycomb, in contrast to previous studies (Lakes, 1993; Fan et al., 2008; Kooistra et al., 2007) .
In contrast to the data for hexagonal honeycombs the triangular based honeycombs are almost unaffected by the relative scale of the sub-structure, as seen in Fig. 7 . Of note is that none of the triangular hierarchical honeycombs was less than 95% of the elastic modulus of the conventional triangular honeycomb.
The effect of distributing a proportion of mass between the super-and sub-structure is seen in Fig. 8 . The effect is much more pronounced in the 3-3 honeycomb than the 6-6. It is interesting to note that the 6-6 and 3-3 honeycomb with a mass distribution of 1.0 has a similar elastic modulus to a similar density, coarser, zero order honeycomb, i.e. the honeycomb with mass distribution of 0.0. This agrees with the literature (Gibson et al., 1982; Evans, 1991; Masters and Evans, 1996) .
The effects of combining cells of similar and dissimilar coordination number are shown in Fig. 9 . These results are a little more complex but show that, regardless of the super-structure's coordination, stiffness is highest with substructures of 4 co-ordination, followed by 6 co-ordination, followed by 3 co-ordination. Honeycombs with 3 coordination cells in either the sub or super-structure tend to have a lower Young's modulus. Seemingly poorer performers such as the 6-6 and 3-3 honeycombs may have benefits in terms of isotropy if this is a desirable for a particular application, compared to the other anisotropic honeycombs.
Distributing the mass non-uniformly by functionally grading the honeycombs, and importantly the proportion of mass in the graded sub-structure, has marked effects upon the elastic modulus of the hierarchical honeycombs, see Fig. 10 . This figure shows for a 3-3 honeycomb that the stiffness is very sensitive to the distance the sub-structure extends outwards from the super-structure rib. Where more than 0.75 of the mass is placed in the sub-structure the honeycomb elastic modulus can exceed the elastic modulus of an equivalent first order honeycomb by up to 1.75, if the mass distribution is optimised. This effect appears to be novel to the best Fig. 6 . The elastic modulus for a hierarchical hexagonal honeycomb normalized against a conventional honeycomb of equivalent mass is plotted against the hierarchical length ratio shown. Fig. 8 . Shows the Young's modulus normalised against a zero order hierarchy honeycomb of equivalent mass against the mass distribution within the sub-structure. Fig. 9 . Shows the elastic modulus of unit cells normalised to a conventional honeycomb of equivalent mass, against the cell co-ordination numbers. The coordination number of a triangle is 6, a square is 4 and a hexagon is 3. It also shows the normalised Young's modulus for conventional hexagonal, triangular and square honeycombs. of the authors' knowledge. This pattern is almost reversed completely for the 6-6 honeycombs, see Fig. 11 , with the stiffest honeycombs being those with mass evenly distributed away from the super-structure and approaching a conventional triangular honeycomb. The geometry of the 3-3 and 6-6 honeycombs determines they will be isotropic in-plane.
The internal angle of the sub-structure, and thus its Poisson's ratio, has a strong and complex relationship with the elastic modulus of the honeycomb, see Fig. 12 . As could be expected, the onaxis elastic modulus is high when h = 0, i.e. the sub-structure cell is rectangular, but is surprisingly higher when h = À 10, a result not seen before in first order honeycombs (Masters and Evans, 1996) The off-axis in-plane modulus is shown in Fig. 13 for the honeycomb plotted in Fig. 12 when the internal angle of the sub-structure h = À 10, which has super-and sub-structures with mismatched Poisson's ratios. It is clear that on-axis the modulus (the blue and red lines) can be many multiples of the conventional first order hierarchy honeycomb (the solid black line), but that this is reversed for most off-axis loading. Adjusting the mass fraction between superand sub-structure ameliorates some of this drop off in stiffness, but not all. It is worthy of note that the structure is fully anisotropic, since E (0degs) not equal E (90degs).
Discussion
The most apparent feature of the results for both the hexagonal and triangular honeycombs, Figs. 6 and 7, is the reduction in elastic modulus caused by the distribution of mass from the super-structure to the sub-structure. The effect is much more marked in the hexagonal honeycomb than the triangular. Since deformation in the hexagonal super-structure unit cell is flexure dominated, halving its mass and therefore rib thickness would be expected to reduce the flexural elastic modulus of its ribs, and therefore the cell, by a factor of 8, (the second moment of a beam is dependent upon t 3 sup . A similar halving of the mass and thickness t sup in the triangular cell, which deforms primarily in tension, would be expected to reduce the elastic modulus of the cell by a factor of two, since the sectional area is dependent on t sup . Super-structures in which the mass has been halved, by themselves would have a relative elastic modulus of 12.5% in flexure and 50% in compression. Sub-structure honeycombs of similar mass density, geometry Fig. 10 . The elastic modulus normalised against a conventional honeycomb of equivalent mass for hierarchical hexagonal structures with multiple mass distributions against the effective aspect ratio of the super-structure (considering the additional sub-structure thickness). The illustration shows columns of contiguous cells. Fig. 11 . The elastic modulus normalised against a conventional honeycomb of equivalent mass for hierarchical equilateral triangular structures for multiple mass distributions against the aspect ratio of the super-structure (considering the additional sub-structure thickness).
and aspect ratio as their super-structures should have similar elastic modulus (Gibson and Ashby, 1997) . Treating the super-and sub-structures as phases in a composite and calculating their moduli in isolation via the Gibson and Ashby relations see Eqs. (2) and (3), it is possible for the case of the regular hexagon and triangle, see Fig. 8 . Doing so would suggest the second order hexagonal honeycomb would have 25% of the elastic modulus of the first order version, and similarly the second order triangular honeycomb would have 100% of the elastic modulus of the first order triangular honeycomb. This explains well the results seen in Figs. 6-8.
Since triangular and square unit cells are inherently stiffer on-axis than hexagonal geometric cells, it is perhaps unsurprising that adding sub-structures formed of either stiffened hexagonal superstructures. The 3-3 honeycomb was the least stiff of all, since it is entirely flexure dominated and, as noted previously, is at its minimum elastic modulus with a mass ratio of 0.5. Square cells perform favourably in comparison to other geometries in terms of on-axis elastic modulus. However, they have a severe trade off in terms of anisotropy, being markedly orthotropic. The deformation mode changes from stretching/compression on-axis to flexure off axis (Gibson and Ashby, 1997) . The issue of in-plane isotropy in these honeycombs has not been examined in detail here, but it is noteworthy that regular hexagonal and triangular unit cells (the 3-3, 3-6, 6-6 and 6-3 honeycombs) exhibit in-plane isotropy by dint of their geometric symmetry (Gibson and Ashby, 1997) . It is clear that the 4-4 honeycomb, and most likely any combination involving a 4 coordinate cell, will exhibit anisotropy to some degree.
There are two relationships in the data for functionally graded honeycombs, Figs. 10 and 11 , that are worthy of note. The first is Fig. 12 . The internal angle of the substructure versus the elastic moduli E1 and E2 (referring to the X1 and X2 axes) for 50% mass distribution (open symbols) and 75% mass distribution within the sub-structure (closed symbols). For all cases h in the super-structure was 30°. that for all mass fractions there is a dependency of the elastic modulus on the distance the sub-structure extends away from the super-structure, reaching a maximum for 3-3 honeycombs when the number of cells away from the central rib is 4 or 5. The elastic modulus of these honeycombs is affected by two phenomena i) the decreasing aspect ratio of the sub-structure cell ribs with increasing spread away from the super-structure rib, and ii) the width of contiguous sub-structure in axial tension/compression (the region bordered by the red box in Fig. 10 ). The former arises because the elastic modulus of a beam in flexure is markedly dependent upon the (t/l) 3 term (Gibson and Ashby, 1997) , and the latter because regions of sub-structure forming contiguous on-axis columns are effectively loaded in tension/compression than shear or flexure. Summation of these two phenomena results in the form of curve seen in Fig. 10 . The second relationship of note in the functionally graded honeycombs is the relationship between the mass fraction distributed into the sub-structure and the elastic modulus of the honeycomb, most notably in the hexagonal honeycombs, see Fig. 10 . This is a reflection of the trend seen in Fig. 8 where uneven distribution of mass between sub and super-structures is preferential to even distribution. The most stiff second order hierarchical sub-structures are those in which most, if not all, of the mass is concentrated into the sub-structure, and in which the sub-structure itself is graded, i.e. does not occupy the entire unit cell volume. In these cases, a new unit cell is effectively formed from the finer sub-structure honeycomb. These findings have implications for the manufacture and use of hierarchical honeycombs in applications, most notably that implementation of a second order hierarchy must be done carefully. This result agrees with that of Fan et al. (2008) .
The relationship of the Poisson's ratios of the sub-structure with the elastic modulus of the honeycomb is intriguing. Notably, many cases with negative Poisson's ratio (NPR) sub-structures and positive Poisson's ratio (PPR) super-structures had higher elastic moduli than cases where both sub-and super-structures had similar Poisson's ratios, see Fig. 12 . The modulus was maximal where h = À 10°in the sub-structure for a mass distribution of 50%, and where h = À 5°for a mass distribution of 75%. Indeed these moduli are higher than the Voigt upper bound via rule of mixtures averaging. This underestimation for the upper bound is due to its limitation to isotropic elastic constituent materials, which re-entrant or non-uniform hexagonal honeycombs are not. The bound estimation also neglects significant Poisson's ratio effects that are present in the NPR hierarchical structures such as the opposing kinematics of the sub and super-structure, for instance where the Poisson's ratios m 12 = 1 at h = 30°in the super-structure and m 12 = À 6.76 at h = À 10°in the sub-structure for the 50% mass distribution, and m 12 = À 12.4 at h = À 5°in the sub-structure for the 75% mass distribution. The effects of Poisson's ratios on upper and lower bounds have been studied recently (Liu et al., 2009) , in work which showed that it is possible to exceed the Voigt upper bound estimation if the interaction of constituent materials' Poisson's ratios is accounted for, but it is also possible to exceed the Young's modulus of stiffest constituent material.
Exploring this issue further, a comparison can be made between the following two cases shown in Fig. 12, i ) the sub-structure has h = À 10°and ii) h = + 10°. These honeycombs have similar super-structures (both with h = 30°). The sub-structure with h = À 10°is less stiff than the h = + 10°sub-structure because the aspect ratio (t/l) of the ribs in the former's unit cell is smaller in order to retain similar density to the + 10°cell (t/l = 0.0238 and 0.3386 respectively). Since the NPR (h = À 10°) sub-structure is less stiff it might be reasonable to expect that the hierarchical honeycomb with the NPR substructure would be less stiff than the honeycomb with the PPR sub-structure (h = + 10°), but this is not the case, see Fig. 12 . So it is clear that treating these hierarchical honeycombs as composites must be done with caution since the interaction between super-and sub-structure can result in relatively larger moduli.
Furthermore, there is a unexpected shift in the maximum stiffness away from h = 0°, see Fig. 12 . For any hexagonal honeycomb, including the sub-structure honeycombs, the axial elastic modulus is known to be maximal as h ? 0° (Evans, 1991; Masters and Evans, 1996) . Yet in these second order hierarchical honeycombs this maximum modulus values are for those with sub-structure with negative h values. Again, this indicates the complex interaction between super-and sub-structure.
Considering off-axis properties, the modulus at a loading angle of E 2 (90degs) also increased as the internal cell angle h ? À 20, but not as markedly as E 1 (0degs). The maximal off-axis modulus similarly increased as the sub-structure cells became NPR (h < 0) but less markedly, see Fig. 12 . Findings of this nature concerning NPR sub-structures have not been seen before. The off-axis behaviour of the in-plane modulus is shown more completely in Fig. 13 , highlighting the strong anisotropy present in this honeycombs (h = À 10°). The first order (conventional) honeycomb is isotropic with a Young's modulus of 0.461 MPa, whereas the second order hierarchical honeycomb peaks at 36.1 MPa loaded at 0°and is minimal at 0.048 when loaded at ± 45°5
.
Conclusion
The aim of this work was to understand how the in-plane elastic properties of honeycombs were affected by hierarchy, and then to find if elastic modulus could be maintained or improved on an equal density basis. It is clear that honeycombs are sensitive to hierarchical sub-structures, particularly the fraction of mass shared between the super-and sub-structures. Introduction of an additional level of hierarchy without reducing performance is difficult. However it is possible by functionally grading such hierarchies to improve the in-plane modulus, in this case by up to 175% compared to a similar density first order hierarchy (conventional) hexagonal honeycomb. An exhaustive exploration of functional grading of hierarchy was not within the remit of this work but it seems to hold potential for further improvement of performance.
